A new type of methods for the numerical approximation of hyperbolic conservation laws with discontinuous solution is introduced. The methods are based on standard finite difference schemes. The difference solution is processed with a nonlinear conservation form filter at every time level to eliminate spurious oscillations near shocks. It is proved that the filter can control the total variation of the solution and also produce sharp discrete shocks. The method is simpler and faster than many other high resolution schemes for shock calculations. Numerical examples in one and two space dimensions are presented.
Introduction.
A major difficulty in the numerical approximation of nonlinear hyperbolic conservation laws is the presence of discontinuities in the solution. Traditional schemes generate spurious oscillations in the numerical solution near these discontinuities. Standard methods based on centered differencing together with artificial viscosity have often during the last few years been replaced by the so-called high-resolution schemes.
The high-resolution schemes are based on concepts like upwinding, local Riemann solvers, field by field decomposition and flux limiting, see, e.g., [1] , [3] , [12] , [13] . These schemes are designed for shock capturing and produce sharp numerical discontinuities without oscillations. The algorithms are however not so computationally efficient. For higher-order numerical accuracy they are quite complicated.
It is our purpose to present a class of methods which retain most of the positive features of traditional schemes, but at the same time treat shocks and contacts similarly to the modern high-resolution schemes. The methods are based on standard schemes, the solutions of which are then processed with a nonlinear conservation law filter at every time step. The filter contains field by field decomposition and limiters in order to have good shock capturing properties. It is only activated at a few grid points, and therefore the overall algorithm has an order of accuracy and computational efficiency which are close to the traditional methods.
The filter step is essentially independent from the step with the basic difference scheme. It is therefore easy to implement in existing codes. See the numerical examples in Section 6.
Our problem is a system of nonlinear hyperbolic conservation laws in, e.g., two space dimensions (ll) \lt+f(u)X+g(u)y=0, u(x,y,0) = u0(x,y),
with appropriate boundary conditions. The numerical Examples 3 and 4 in Section 6 are of this form. The method will first be described for the simpler one-dimensional case (1.2) »t + f(u)* = 0, u(i,0) = u0(x), when u and f are either scalars or vectors. We are interested in numerical approximations of weak solutions to (1.2) and assume that a consistent basic difference scheme of conservation form is already given, u]+1=G(u?_r,u?_r+1,...,u?+r), (1.3) u°j=u0(x), n = 0,1,2,..., j = ...,-1,0,1,..., Xj ■=■ jAx, tn = nAt, Ai = AAx.
We want to couple this scheme (in short form, un+1 = G(un)) with a filter or projection in the following way:
vn+1=G(un), un+1 =P(vn+\un).
Let us here discuss some natural conditions for P.
(1) Consistency. If the solution is smooth, the filter should not change the approximation vn+l too much. In particular, we want the total method (1.4) to be consistent, ||un+i _i/»+i|| =0(At2) for smooth vn+l.
The norm can, e.g., be the /i-norm, and smoothness may mean bounded higher divided differences. It is here possible to require that a higher order of accuracy of the basic scheme is not changed by the filter, see Subsection 2.2.
(2) Conservation form. For convergence to the correct weak solution it is necessary for the total scheme (1.4) to be of conservation form, which means (1.5) 5>(z,)«+1-^+1)<C 3 for ip in a suitable class of test functions. (3) TVD. The filter should enforce some criterion that guarantees that there are no spurious oscillations near discontinuities.
The usual criterion for a scalar conservation law is the following (TVD) inequality: TV(un+1) <TV(un), (1) (2) (3) (4) (5) (6) TV(«") = 5>?+i-«?|. j for as few j-values as possible and that the filter should be neutral if vn+1 already satisfies the criterion (3) . The filter step should thus be a projection P(P(vn+1,un),un) = P(vn+1,un).
The methods we will present will not all satisfy (3) or (4) fully because we are also interested in simplicity of the algorithms. It may be possible to derive even simpler filters for particular difference schemes. We have here concentrated on the general case where the filter is not based on special properties of the difference algorithm.
The fundamental steps in the filter are first to find the extrema of vn+1. If these extrema increase the variation of vn+1 over that of un, then vn+1 is corrected field by field in a conservative way such that (1.6) is satisfied. This means that the filter is only activated at very few mesh points and all corrections are local. For details see Sections 2 and 4.
The standard artificial viscosity method can be regarded as a filter for the elimination of high frequencies. It is quite different from the methods which are described here. All mesh values are affected and it is not based on field by field decomposition or limiters. In [4] , a filter with a switch is introduced in order to reduce numerical oscillations at shocks. This filter affects all mesh values, but the main changes are close to steep gradients. Filters are also introduced to postprocess results from spectral method approximation of shock problems [2] .
The filter algorithms are presented in Section 2. In Section 3 we prove some properties of the algorithms in Section 2. Section 4 deals with the field by field decomposition for solving systems of equations and in Section 5 we give a result on the existence of sharp shock profiles. The numerical results in Section 6 contain, among other things, the computed solution of the Euler equations for flow in a channel towards a forward facing step, and the steady flow around an airfoil.
Filter Algorithms
for Scalar Equations.
In the first part of this section filter algorithms of increasing capability and complexity are presented and discussed. In the second part, suggestions are given for generalizations of these types of methods. It is outside the scope of this paper to further investigate these suggestions.
2.1. Description of Some Filters. Let us assume that we are given vn+1 = (v"+1v2+1 ■■ -Vh+1)t, the result after taking one step with the difference scheme (1.3). The simplest filter, which is not TVD but still of practical use, works according to the following principles:
(1) Scan through the function values vf , j = 1,.. .,N, and correct the u™+1 values that are local maxima or local minima. (2) Correction is made by decreasing maxima and by increasing minima.
(3) When a correction is added to a point u"+1, the same correction must be subtracted from a neighboring point, otherwise conservation is lost and one may obtain the wrong shock speed. The corrected neighbor is chosen as the one with the greatest distance to v"+1. No value may be corrected so that it passes its neighbors. This means that we do not want to overcompensate so that new extrema are created. The Lax-Wendroff scheme is applied to a step function, and the filter corrects the error made.
The principles are illustrated by an example which exhibits the typical behavior of the Lax-Wendroff scheme when applied to a moving shock solution of the inviscid Burgers equation. In Figure 2 .1, it" is this solution at time level n, given as a step function (Figure 2.1a) . One time step with the Lax-Wendroff difference scheme is taken, giving vn+1 in Figure 2. 1b. An overshoot is introduced. The filter produces the result un+1 in Figure 2 .1c. It follows the four principles above:
(1) i>"o+1 is discovered as a maximum ((A+u"o+1)(A_i;"n+1) < 0).
(2) v"+1 will be decreased.
Jo (3) v?^! or v™++\ must be increased by the same amount as «?0+1 is decreased The filter chooses v™~+1 because the distance to the jo +1 neighbor is larger than the distance to the j0 -1 neighbor (|A+v"+1| > |A_t>"+1|). (4) t>?+1 must not be decreased further than to the level of v"^_\, otherwise u"o+1 will pass the neighbor «?**, a case which we do not allow.
The symbols A+ and A_ denote the forward and backward difference, respectively, A±u3 = ±(uj±i -Uj). These principles can be formulated in Algorithm 2.1 below. The vector u is to be understood as an array in a computer program, that initially contains the function to be filtered vn+1 and after completion of the algorithm holds the filtered solution un+1. This filter has proved to work very well in the computations we have made. Numerical results will be presented in Section 6, and in Section 4 the algorithm will be generalized to systems of equations.
There are, however, some properties of Algorithm 2.1 that are not entirely satisfactory:
(1) It cannot discover extrema consisting of more than one point (Figure 2 with all TVD-schemes [6] .
Algorithm 2.1 can be modified such that these difficulties are overcome. We continue by modifying Algorithm 2.1 to obtain a TVD-enforcing filter. As can be seen in Figure 2 holds for all extrema «?0+1 of un+1. This condition is not sufficient to guarantee TVD. An additional constraint excluding the possibility that an extremum at Xj is followed by one at Xj+i is necessary in the following theorem. If that is the case, take a special step to remove this, by Theorem 2.1, forbidden situation. otherwise the value false is returned. In the filter used for the numerical experiments in Section 6 we introduced one further improvement in this algorithm. From the proof of Theorem 2.1, we infer that the case when there is a minimum at j -1 and a maximum at j can be allowed if the following hold: min(u",u"+1) < un+1 < max(u",i¿"+1) and min(un_2,u^_1,u7) < un¿{ < max(uJn_2,tin_1,tíJn) (C2) or min^^u",«"^) < u"+1 < max(u"_1,ii",ii"+1) and min(wn_2,u"_1) < «2+1 < max(«Íl_2,«n_1).
We can add a function admissible2(j, j -l,un,un^1) checking this condition. admissible2 returns true if the condition (C2) holds.
Otherwise the result is false. Introduce this function together with the test (A+u3)(A-u3) < 0 and (A+iij_i)(A_Uj_i) < 0 into the elseif text in Algorithm 2.2. The new condition becomes (A+Uj)(A-Uj) < 0 and (A+Uj_i)(A_Uj_i) < 0 and not admissible2(j,j -l,un,u).
This modification improves the quality of the filtered function in the sense that the accuracy is improved. We conclude this from numerical experiments. We now modify Algorithm 2.2 to take into account the fact that some maxima or minima can contain more than one value. The modifications needed consist entirely of bookkeeping to keep track of various plateaus with pointers in the computer program, and introduce no new ideas. We define a plateau of length r to be a set of indices, {i,i + 1,... ,i + r} such that Ui-l 7* Ui = Ui+i = ■■■ = Ui+r t¿ Ui+r+l, see Figure 2 Finally, all the points in the extremum, ui,...,Uj, are decreased by the same amount. An example is given in Figure 2 endfor newind(u,j,l,j) elseif (A+Uj)(A-u3) < 0 and (A+Uj_i)(A_Uj_i) < 0 then
The rest of Algorithm 2.2 can be rewritten to handle plateaus in the same manner as indicated above to obtain the first part of Algorithm 2.3. Note that we need to weigh the corrections depending on the number of points in the plateaus corrected. Here the weights u>i and oj2 are chosen such that the sum £v=i u 's no^ changed, i.e., u is conserved, and the plateaus are not passing each other. The algorithm uses some subroutines, described below. admissible(l,j, u, un)-checks whether miniuJLn«?,...,u"+i) < Uj <max(^_1,...,wj+1).
All plateaus are kept track of by using / as the leftmost point in the plateau and j as the rightmost. Thus, a plateau is treated as one point with the weight adjusted for conservation. It is sometimes necessary, however, to release a point and regard it as separate from the neighboring plateau. Filtering of piecewise constants would otherwise not be local, and the local conservation property (1.5) would be violated. Since another point is added to another plateau in the same filter step, the total number of points belonging to plateaus is constant.
We now have a filter that forces TVD upon the solution u regardless of the difference scheme. We now discuss some possibilities to increase the accuracy at smooth extrema. Instead of decreasing «?0+1 to the same level as a neighboring point, the value u"o+1 is lowered only so that it fulfills (Cl). This means a replacement of the statement ¿:=min(<5+/2,<5_) in Algorithms 2.1-2.3 by 6 :=m.m(6+/2,6-,max(di,d2)), where di = Uj0 -max(u?_1,... ,u"+1) and d2 = min(uf_1,... ,u"+l) -Uj0, if j0 belongs to a plateau between un and u". If there is a one-point extremum, then I = j = j0. The result is another filter algorithm. We do not give a detailed description, since most of it is similar to the previous ones. if Uj does not need any correction go on to j + 1 newind(u, j + 1,1, j) endif endwhile The step that handles a consecutive maximum-minimum is not changed. This algorithm is optimal in the sense that it makes the smallest possible correction, still being TVD.
Generalizations.
The filters that were presented in Subsection 2.1 were either designed to produce TVD-solutions or they were simplifications of the TVDfilters.
TVD-methods have a significant drawback. Enforcing a strict total variation bound EKii1-«r1i<EK+1-u"i j j makes it impossible for the method to be of higher-order accuracy at smooth extrema [6] . We will suggest three possible ways of avoiding this deficiency for filter type methods:
(1) It is possible not to trigger the filter at smooth extrema. The condition "if (A+Uj)(A-Uj) < 0" in the filter algorithm can, e.g., be augmented by testing if there is an inflection point. A natural test is to see if A+A_itj changes sign close to the extremum. The second difference does not change sign near a typical smooth extremum. The generic spurious oscillation however contains inflection points.
(2) Another possibility is to correct, e.g., a new maximum only if it is higher than the extrapolated solution from the left and the right. Furthermore, the correction should not modify the solution to a value lower than the extrapolated one. Algorithm 2.1 is in fact such a method based on constant extrapolation. Higher-order standard one-sided or ENO extrapolations [7] are possible.
(3) We can use other criteria than TVD for the filter design. The method can be constructed to produce nonoscillatory solutions, cf. the ENO scheme [7] . The search for new extrema will still be the first step in such an algorithm. The field by field decomposition will also be the same. The goal of the correction will then be to ensure that no new extrema occur.
The suggestions above are all for less restrictive filters or similarly for projections onto larger classes of solutions. In one respect it would be desirable with a more strict filter.
There is no guarantee that the filtered solution satisfies an entropy condition. As it is with the filters in Subsection 2.1, the entropy has to be taken care of by the basic difference scheme. It would be possible to check for an entropy inequality in the same way as we now check for extrema. If the entropy inequality is not satisfied, the solution can be modified until the inequality is valid.
Since the solution is divided into eigenvectors at extrema, it is possible to include artificial compression in the filter for the field containing contacts [3] .
Finally, if the filter will be used inside an implicit algorithm, the correction should depend continuously on the previous step.
Analysis of Properties.
The first question to ask is whether we can keep on changing the function like we do in the filters, without affecting the convergence to the right solution. One result that indicates how much we are allowed to change vn+1 is the following theorem. Let ni,ri2,n3 and m be the number of times Ti,T2,T3 and T4 occurs in T, respectively. It follows from the assumption that a = Ui -nz, b < N -n3.
Since a < N,b> 1, we have n3 < N -1, n4 < 2N -1.
We need upper bounds on n[ and n2, the number of operators Ti or T2 in T between two operators T3 or T4. It follows from the definition of Ti that n\ < M -1 < N -1.
The number of points in a plateau from which T2 releases points gives the upper bound n'2 < N -1.
Therefore, m < n\(n3 + n4) < (N -1)(3N -2), n2 < n'2(n3 + n4) < (N -1)(3N -2), and L = ni + n2 + n3 + n4 < 6iV2. O Remark 1. In practice, the number of filter iterations is always much smaller than the upper bound derived in the proof.
Remark 2. It follows trivially from the description of Algorithm 2.1 that it is finite, but the final result may not be a TVD solution.
The conditions in the theorem are satisfied by the filter Algorithm 2.3. The statement inside the while loop in Algorithm 2.3 consists of three different branches corresponding to the three different alternatives in the if-statement. In the first branch the filter operator is T\, in the second branch T3 and in the third branch T4. If a modification of the values at the edges of a plateau is included as indicated after the description of the algorithm, then this operation is represented by T2. Observe that all four alternatives need not be incorporated in a filter in order for the theorem to be applicable.
During the practical implementation of Algorithm 2.3 it happened to us several times that programming errors caused the algorithm to become infinite. The question of finiteness is thus extremely important, since very small changes in the algorithm can make it infinite. The generalization to systems is done by a field by field decomposition in the same manner as in [3] . Let m be the number of equations. Expand A+Uj in a basis of vectors e£+1/2, m (4-2) A+Uj-= y a*+1/2e*+i/2. k=l The vectors ek+1,2 are eigenvectors of a matrix A(w.j,x\3+i) representing some kind of average between the matrices A(uj) and A(uj+i), where ^4(u) = fu. A(uj,Uj+i) is here taken to be the Roe matrix [10] . We then apply the filter, componentwise, to the coefficients c*k+i/2-The condition for extrema (A+Uj)(A-Uj) < 0 in the scalar filter algorithms is replaced by (A+(uk)j)(A-(uk)3) <0 for any k = l,...,m.
It is important to observe that we only have to compute the eigenvectors when a correction is needed. This is not the case for upwind schemes, where the expensive computation of eigenvectors is required at every mesh point.
The algorithms in Section 2 are generalized to systems by replacing every occurrence of A±Uj by ak±1,2. The statement Uj := u3 + s6 has to be reformulated as A+Uj := A+Uj -sS, A-Uj := A-u3 + s6, in the scalar algorithms. It is then easy to see how to do the generalization to systems.
When the new values of A+Uj have been computed, we update the original solution. Here we want to stress one important point. For conservation it is necessary to add the same correction to A+Uj as is subtracted from A_Uj. We must realize that a correction in a characteristic field is a vector, for example if the first field is corrected by the amount 6, then k=l and the correction is in reality <5e*+1,2. If we try to subtract 6 from the first characteristic field in A_Uj, the correction will be -¿ej_t ,2 and conservation will be violated. Each correction must thus be added and subtracted in the same coordinate system for all values involved in this correction. Algorithm 2.1 generalized to systems in the way described above becomes The TVD property is not true for the original variables in the case of systems. The limiting in Algorithm 4.1 is therefore done in the locally characteristic variables. The advantage of the strict TVD algorithm over the simpler Algorithm 2.1 is not at all clear when applied to systems. The great advantage of using a filter is the comparatively low cost and the simplicity of the implementation. Most of these properties are lost in the generalization of the TVD filter to systems.
For equations in more than one space dimension the filter is applied to each dimension separately. The basic difference step is decoupled from the filter step and therefore the difference method does not need to be based on dimensional splitting. See Section 6 for numerical examples of two-dimensional problems.
5. Sharp Shock Profiles. In this section we will investigate the behavior of the filter at an isolated shock when a scalar conservation law is approximated by a basic 3-point difference scheme. We will show that the method generates very sharp discrete shocks without oscillations. As an example, the condition on the difference algorithm is interpreted for a Lax-Wendroff scheme.
The basic 3-point scheme is assumed to be consistent and of conservation form,
We will consider an approximation of a piecewise constant scalar shock solution to (1.2):
The case /(ul) < f(uR) is equivalent. Definition. A difference approximation to the above problem has a p-point discrete shock solution if there exists a solution of the form Consider first vo > ul -(v~i -ui). The value at j = -1 will then be corrected as a plateau with vq until V-i =v0 = uL if after conservative correction ñi < ul-The latter is true from total conservation and (5.4), S_i +v0 + vi = i>_i + v0 + vi = uL + u0 + uR -X(FR -FL) < 3uL.
For vo < ul -(v-i -ul),v-i will be corrected directly, resulting in
From (5.2) and (5.3) we get vq > uq > uR.
The final extremum is vi, which will be corrected to uR, changing vo to
Thus,
The condition (5.3) guarantees an oscillatory behavior at the left and right edges of the shock and a smoothing of the solution by the filter. In order to illustrate the result of this section, we choose the same formulation of the Lax-Wendroff scheme as in [3] where Q¿. is "the coefficient of numerical viscosity" [3] , and j is the point in the shock. In [3] , Ql¡ is chosen such that Ql¡ > lAô^l when \Xa~L,\ < 1. By (5.7) and the fact that u¿ > u, we have that Fl < FjL-There is no oscillation at the left edge, which is one purpose of the construction in [3] , and no filtering is necessary. This problem has been solved up to time = 1.5 with a CFL-number = 0.8. In the results in Table 6 .1 the computed numbers are presented, because the difference between the results from different methods can be seen only in the second and higher decimal places.
For comparison, computations made with a 2nd-order TVD scheme (Harten [3] ) are displayed. The filters 2.1 and 2.4 have been used together with the Lax-Wendroff scheme in [8] . This form of the Lax-Wendroff scheme is not the same as (5.5) at the end of Section 5, and (5.3) is not satisfied, but the schock is still fairly sharp. The results with and without filtering are illustrated in Figure 6 Table 6 .2 the computed results in the neighborhood of the shock are displayed. The number of points in the shock is one also here. Theorem 5.1 seems to be valid even if the solution is not piecewise constant. The numerical solution is compared with the exact solution at t = 0.75. The numerical /i errors in the smooth part of the solution, i.e., at least a distance 0.1 away from the shock, are presented for three different spatial discretizations in Table 6 .3. The results indicate that the smooth solution is second-order accurate. The TVD-filter enforces TVD independently of difference scheme and CFLnumber. It is possible to use large CFL-numbers and unstable schemes like u"+1 = un -AtDof(Uj) together with this filter, but the quality of the solution is of course affected negatively by large CFL-numbers. As an example, we have included results from using the filter together with the pure centered scheme above in Table 6 .3. The obtained order of accuracy agrees with the expected one.
In order to test the ability of Algorithm 4.1 to remove oscillations for systems of equations, we use the Euler equations and as initial data a function which consists of two constant states. This is a shock tube problem that has been used by many others as a test problem (e.g., [3] , [11] ). The equations are pu p + pu2 u(e + p) where p = (7 -l)(e -\pu2) and 7 = 1.4. The initial data are
The solution consists of a shock followed by a contact discontinuity travelling to the right and a rarefaction wave going left. The solution at i = 2 is shown in Figure 6 .3. There we used a CFL-number of 0.7.
This problem could be run quite easily, but in problems containing very strong shocks there is a possibility that the difference scheme produces an overshooting point which is outside the region where c2 > 0. The square of the local sound speed c2 is computed as 7p/p. In order to correct such an overshoot, it is necessary to replace the decomposition into characteristic fields with an approximate one, which we have done in the two-dimensional computations below. We measured the CPU-time used to run this problem on a micro VAX, with the following result: Roe's method is a first-order upwind scheme, described in [10] , and ULT1 is a second-order TVD-scheme by Harten [3] .
Let us also present some results from 2D-computations with the filter. The generalization to 2D is made by dimension splitting of the filter. That is, one time step is composed of the steps: We have here used the test problem "Mach-3 wind tunnel with a step" [13] . A gamma-law gas is fed in from the left into a channel of length 3 and width 1.
The initial speed of the gas is Mach 3. At the lower side 0.6 from the right side of the channel, there is a step of height 0.2. The compressible Euler equations are solved for this problem, with 7 = 1.4. The solution is computed at i = 4, with a CFL-number of ¡=s 0.8. The step and the upper and lower walls of the channel are reflecting boundaries, with a Mach 3 uniform inflow on the left, and continuation boundary conditions on the right. In Figure 6 .4 we show the solution computed with the dimension by dimension split Lax-Wendroff as the difference scheme. In Figure 6 .5 we used a 4th-order centered difference scheme in space and 4th-order Runge-Kutta in time. The latter scheme gave initially an expansion shock emanating from the corner. In order to avoid this, we added a small amount of 4th-order dissipation to the scheme. The results presented in Figure 6 .5 are computed with this dissipation added. Both these methods were unstable without the filter.
Finally, in order to illustrate the point that the filter can easily be implemented in an existing code, we have inserted it into a program that computes flow around an airfoil. The program was originally written by A. Rizzi and L.-E. Eriksson [9] . (b) The 2nd-order artificial viscosity is replaced by the 2D filter.
[9] and uses 2nd-order centered difference approximation of the spatial derivatives with 2nd-and 4th-order artificial viscosity added. The 2nd-order dissipation term is introduced in order to damp oscillations at shocks. We removed the 2nd-order viscosity and inserted the filter. The time stepping is done with a Runge-Kutta type method. The grid used is of O-type and has 129 x 33 points. The freestream Mach number is 0.85 and the angle of attack Io. From this computation we present density contours and cp plots. Figures 6.6a and 6 .7a show the density contours and Cp along the upper surface of the airfoil computed by the original program. The 2nd-order artificial viscosity term is removed and the filter is introduced together with Density contours for the same problem as in Figure 6 .6. (a) with 2nd-order artificial viscosity according to [9] . (b) the 2nd-order artificial viscosity is replaced by the 2D filter. the 4th-order viscosity, giving the result in Figures 6.6b and 6 .7b. This problem has weak shocks and the artificial viscosity method also computes a sufficiently good solution. The point we wanted to make here is the simplicity of introducing the filter into existing computer codes. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
